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1. Proof of Corollary 1

Corollary 1. Assume that a flow is constrained by an
~arrival curve «a(t)= b + r-t and a FIFO node provides a °
- guaranteed service curve Sy (t)=R-(t-T)" to the flow.

- Then, the output bound of the flow is expressed as:
a(t)=alt)+r T (6)

~ And for any constant K e R , we easily show that:
(K-a(t)oBer(t)=K. (a0 s () ©)

Proof of Eq. (6)
By definition, we have:

a*(t)=(a0p)()
o' (1) =(a 0 B)(t) =sup(a(t +5) - A(s))
Using the definition of « and g, we get:

a*(t):sup(b +7(t+s)-R (s —T)+)

520
sup (b +r-(t +s)—R -(s —T)+),
0<s<T

sup(b+7-(t +5)=R (s =T )’)

T<s

a (t) = max

b+r-(t+T)-R-(T -T),

@ t)=mex b+r-(t+T)-R-(T -T)

a(t)=b+r-(t+T)=a(t)+r-T

Proof of Eq. (7)
(K-a(t)oBer(t)=(K-(b+r-1))0Brs(t)

(K-a(t)oBrr(t)=(K b+K -r-t)0Brr(t)

Let us denote by =K -b andrg =K -7

(K -a(t)oBrr (t)=(bk +r% t)O Brr (t)
According to Eqg. (6), we have:

(bK +rK 't)@ﬂR’T (t)sz +rK 't+rK -T
=K -b+K -r-t+K-r-T

=K~(b +r't+r~T)

=K-(a(T)O,6’R,T(t))

2. Computation of Input and Output Flows

Analysis of depth maxDepth+1 (depth = 4)
At depth maxDepth+1, there is no router, and there are nodes
with input data flows, each flow constrained by the arrival
curve au.(f). Since each node is granted a service curve
Lua(t), then using Egs. (5) and (6), the output flow of each

_child node can be expressed as follows:

a;ata (t ) = (adata 0} ﬂdata )(t ) = Qatq (t ) + Vaata 'Tdata (1)

Analysis of depth maxDepth (depth = 3)

At depth maxDepth, the total input of each router, denoted
by @maxpep (), comprises its sensory data flow constrained
by a..(f), and the sum of the output flows of its child nodes.

;maxDemh (t ) = Qata (t ) +N chita - a;ata (t )

Thus, according to Eqg. (12), we have:

amaepn ()= (N crita +1) @ () + N chita *Ttata Tawa  (13)

Note that 7marpepih = (N epig +1) 74 15 the resulting rate
of the aggregate of (N, +1) input data flows, and



bmaDepth = (N chita +1)Bata + N Chitd *Vdara Tauta 15 15 resulting
burst.

The input flow a@maxpeyn (¢) is forwarded by the router at
depth maxDepth to its parent router at depth maxDepth-1. This
child router is allocated a +service curve
ﬂmaxDepth -1 (t ) = RmaxDepthfl '(t _TmaxDepthfl) by its parent.
Hence, according to Eqg. (5), the output flow from a child
router at depth maxDepth is then expressed as:

*

amaxDepth (t) = (;maxDepth (t) ) ﬂmtlxDepth -1 (t ))

As a result, applying Eq. (6) we get:

Thus, we get:
* = (Nmuter + 1) * A maxDepth (l ) + :
ammDepth -1 (t) -
N router O-mmcDeprh at O-mmcDeprh -2 (16)

where O-mchepth—Z = (Nrouter +l) * V' maxDepth 'TmaxDepth -2

a;meepth ([ ) = [;maxDepth (t ) + GmaxDepth —lj

where O maxDepth—1 = I maxDepth 'TmuxDepth -1

(14) -

Analysis of depth maxDepth-1 (depth = 2)
At depth maxDepth-1, the total input of each router, denoted by
amaxDepth_l(t), comprises its sensory data flow constrained
by cu..(?), and the sum of the output flows of its chlld routers
maxDepth( ) and the output of its child nodes oy, (t). It
results that:

A maxDepth -1 (t) = ((adata (t ) + Nchild : a;ata (t )) + Nmuter :

a:na)cDeprh (t ))

;maxDepth -1 (t ) = (;maxDepth (t ) + Nmuter . (;maxDepth (t ) + O-maxDepth 71))

Thus, according to Egs. (13) and (14) we have:

Analysis of depth maxDepth-1 (depth = 1)

At depth maxDepth-2, the total input of each router, denoted
bY amaDeptn—2(t), comprises its sensory data flow constrained
by @...(f), and the sum of the output flows of its ch|Id routers

@ wpenns (1) and the output of its child nodes a,, (). It
results that:

;maxDepth -2 (t ) = ((adata (t ) + Nchild : a;ata (t )) + Nmuter . a:naxDepth =i (t ))

Hence, using Eq. (16), we get

(Nmuter +1) ';maxDepth (t)
& maxDepth—2 (t) =| AmaxDepth (t ) +N outer | TN router CmaxDepth-1
+O_maxDepth—2

It results that:

: 2 o
— (Nrouter + Nrouter +1) " &maxDepth (t)

(1)

QA maxDepth -2 (t) =

NZ

router szchepth at N router O-maxDepth -2

O maxDepth -1 (f ) =

((N router +1) * A maxDepth (t ) +N router 'o-maxDepth —1]

(15)

The input flow Emaxpep,h_l(t) is forwarded by the router at
depth maxDepth-1 to its parent router at depth maxDepth-2.
This child router is allocated a service curve

+ .
ﬂmaxDepth -2 (t) = RmaxDepth -2 (t _TmaxDepth—Z) by its parent'
Hence, according to Eqg. (5), the output flow from a child
router at depth maxDepth-1 is then expressed as:

a:naxDepth (r)= U maxDepih 1 (t) © Buapepn—2(t)
As a result, applying Eq (15):
a;laxDepth ()=
(N roter 1) . r’i‘”‘DeP”’ ! ®© ﬁmaxDepth -2 (f )
+(N router +1) b maxDepth + N router O maxDepth—1
Applying Eg. (6), we have:
Cpepn-1 (1) =
(N souter +1)-FmaxDepth -t +(N souser +1) b masDepth

+N router " OmaxDepth -1 + (N router l) *""'maxDepth 'TmaxDepth -2 (t )

and the output flow from a child router at depth maxDepth-2

for a service curve S, pepm—3 () is then expressed as:

UmaxDepth—2(t) = AmaxDeptn—2 (¢ ) © Baxpeprn—3(t)
As aresult, applying Eq (17):
a;taxDepth L(1)=
(N Zer + N oer +1)- e (¢) +

O] ﬂmaxDepth -3 (t )
N2 . +N ;

router * Om axDepth—1 router " Om axDepth—2
Applying Eq. (6), we have:
amaxDepth =2 (t ) =

2 —
(N router T Nrouter + 1) * @maxDepth (t ) +
2
N outer OmaxDepth—1 + N router O maxDepth -2

> —
+(Ivrouter N outer +1)'rmaxDepth * OmaxDepth -3

Thus, we obtain:

axepih-2 (1) = (amaxaepzh ~2(t)+ CmaxDeprh _3] where
(18) -

2 —
O maxDepth-3 = (Nmuter +N outer +1)"”maxDepth 'TmaxDepth—B




General expressions of input/output flows for depth
maxDepth-i

By recurrence, we can easily prove that the input flow of
each router at depth (maxDepth-i) is expressed as follows:

O maxDepth —i (t) =

i i-1
J . i-j
ZNVU”W * maxDepth (t ) + (Nmuter O maxDepth - +1))
j=0 j=0 (19)
n-1
r _
Wwhere O-maxDepth—n = ZNr()u[gr *V'maxDepth 'TmuxDepth—n
k=0

and the output flow from a child router at depth (maxDepth-i)
for a service Curve 3, . p,um—(i+1) () s then expressed as:

*

X naxDepth—i (t) = &maxDepth—i (t ) + O-maxDepth—(i +l)

) i )
= [[ZN’j”“’” J “CmaxDepih (1) + Z(N;o:t{er " maxDepth-( j +1) )J

j=0 j=0

3. Delay Bound Analysis

The Second Approach (tighter delay bounds)

The idea of the second approach is to use the aggregate
scheduling corollary based on Eq. (11) and the service curve
concatenation theorem based on Eq. (8). First, we aim to
derive the service curve offered to a particular individual flow
F among the aggregate by a router at a given depth, using Eq.
(11). Then, we deduce the equivalent service curve for this
particular flow along the path, using Eq. (8). The delay bound
will be computed based on the equivalent service curve.

We consider the tandem of service curve elements as
presented in Fig. 5. The approach is based on the following
algorithm:

o Step 1. Bas is equal to the last service curve element

(i.e. router) in the tandem.

e Step 2. Compute the Sy equivalent service curve 10 an
output flow of the previous service curve element B
using Eqg. (11).

o Step 3.Replace St = Bast-1® Beq SiNCE the concatenation
is also a service curve to the input of B..1. The length
of the tandem is then reduced by one.

e Step 4. if the tandem length is greater than one, then
Go to Step I; else, Bay is the equivalent end-to-end
service curve.

e Step 5. Compute the delay bound using the equivalent
service curve applied to the input arrival curve.




Computation of the delay bound using the end-to-end service curve

We propose to apply this methodology in the case of our cluster-tree WSN model. Consider the example in Fig. 1.

21T

ROUTER AT DEPTH 2

ROUTER AT DEPTH 1

Fig. 1. Aggregate flows at the input of a service curve element

To illustrate how to compute the recurrent equation, we consider the system in Fig. 1, showing the input, output and service
curve at a router at a depth 1, one hop before the root. a1 is composed of N,,,., instances of a; , N_uiq instances of a;am , and one
instance of the input data flow «,,,. The first objective is to derive a service curve for one flow a, using the aggregation
scheduling theorem. After doing so, we can deduce the overall service curve offered to a2 based on the concatenation theorem.

We denote by w(maxDepth — j) the tandem of parent-child routers from depth (maxDepth-j) to the depth = 1. Hence, (1)
denotes the router at depth 1, o(2) denote the link from router at depth 2 its parent router at depth 1, etc.

Computing the Service Curve for «, at depth 1 (j = maxDepth-1)

Let us consider ®,(r)=ax(t)-a5(1)

Hence, f(¢) is a service curve offered to the aggregate of flows ®;(r)=ax(r)-a5(r) and ;. Note that
@, (t)=aa(t)-as(t) is a linear arrival curve. Hence, the aggregation scheduling theorem can be applied in this case, and it

results that, (here we consider =0, in Eq. (11)).
"

cah — (131—b§)+R0 T
ﬂa)%l) (I)Z(Ro—(rl—rz))- i = W

= 7’1—7"2

Eq. (30)

Now, ﬂgq“f‘z and p; are service curves offered to a2, hence, their convolution describes the equivalent service curve offered
by the tandem (2) to the input a2 . Thus, we obtain:

B 0)= A ()@ AL ) £q. @Y

)|

According to [1] (Theorem 2.1.5, concatenation of rate-latency service curves), the concatenation of two rate-latency service
curve S and f, is a rate-latency service curve g where the equivalent rate R = min(Ry, R,) and the equivalent latency is 7= T;+75.
Thus, Eqg. (31) can be re-written as:

[°9.92 ()= Rz’)‘i ’2% [t - T;EIZ*‘)“] where Eq. (32)

‘f) _mm(}e1 R “ZJ and 74, a2 =Ty +T %, a2

(1) (2) (1)

Now, the system length is reduced by one. We consider the new system to derive the service curve for the flow a; , by considering
@, (1) =a2(t)-as(¢) which receives together with o3 the service curve R9.%2 .

Let us consider ®;(¢)=az(r)-a;(t)

Hence, ﬂ;‘f’z‘;’z (t) is a service curve offered to the aggregate of flows ®,(r)=az(r)-a3(r) and a3(r). Note that



®,(r)=a2(t)-as(r) is a linear arrival curve. Hence, the aggregation scheduling theorem can be applied in this case, and it
results that, (here we consider =0, in Eq. (11)).
+
(52 _b;)+Req,a2 T €42
2 2
o(2) o2) Eq. (33)

g 0)=( Reg5 (o) s -

Now, /% and p, are service curves offered to a3, hence, their convolution describes the equivalent service curve offered
by the tandem (3) to the input a3. Thus, we obtain:

eq,a3 (1) _ q.03
By (1)=Fa(1)® Bi° (¢) Eq. (34)
We propose the following recursive algorithm to compute the end to end service curve for the cluster-tree topology:

initialization: PBeg (t) = Bo(t);

for i = 0 to maxDepth-2
Blast (t) = Beqg (t);
D (t) = ;(i+l)(t) - 0¥ (540) (L)
BegAGGR (t) = Compute the resulting service curve for a* ., (t) using aggregate
scheduling theorem applied to Plast (t) and ®(t).
Bea (t) = concat (B(i+1) (t), PBegAGGR (t))

endfor

Peg (t) = concat (Buaxpeprn (£), Peq (£))

0 Compute the delay bound using Eg. (3) applied to Beqg (t) and ;mmD@m.

R © 0 J o U s w N B

Using this simple recursive algorithm, it is possible to compute the delay bound of the input flow of the router at the lowest depth.
This delay bound is the maximum bound for the entire network.
We can deduce the following recurrent equations. At a given depth (maxDepth-i), we have: for i = (maxDepth —1) downto 0:

(DmaxDepth —i (t ) = ;maxDepth —i (t ) - a:zaxDepth —(i 71) (t )

* * * +
= 'amaXDeplh*(" -1) ( ) _ Y 'amaXDepIh—(z‘ Q) |, &l ’amaxDepth—(i 1) e
a)( max Depth —i ) a)( max Depth—i ) a)( max Depth—i )

maxDepth~(i-1) _ 1, eq,@maxDepth—i

eq,a = pe
a)(maxDep[h —i ) (t ) B Er maxDepth—i — rmaxDepth—(z’ —l)j and

@(max Depth—i )
— - eq,a » eq,a .

) b . —b i + (max Depth l) . (max Depth 1)

4 paxepth- (i) _ [ (max Depth—i ) maxDepth—(i _1)j a)((maXDepth —i )) w((maXDepth —i ))

o(max Depth—i =
( ? ) ¢4 'a(max Depth—i )

- *
o(max Depth—i ) - [r(maXDEP’h i)~ " maxDepth —(i-Y j

and then, the equivalent service curve is computed as:

ﬂe‘l ’a:naxDepth—(i -1) ( )

eq’amaxDe th—(i 1) _
’ 1)) (t) - ﬂmaxDepth =i (t ) ® w(max Depth—i )

w(maXDepth 7(1' =
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